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1. Introduction 

A remarkable phenomenon in Gromov-Witten theory is the appearance of 
(quasi) modular forms. Classically, modular forms arise as a counting function 
of points, i.e., zero dimensional objects. A Gromov-Witten generating function 
can be thought as a counting function for the virtual number of holomorphic 
curves, i.e., one dimensional objects. Therefore, it is natural to speculate if 
modular forms appear here too. One can attempt to compute them explicitly. 
If one is lucky enough, the answers can be organized as modular forms. Indeed, 
this strategy has been carried out for elliptic curves |OP] and the so called 
reduced Gromov-Witten theory of K3-surfaces |MPT] . However, we should 
emphasize that both steps of the strategy are highly nontrivial. In fact, the 
above modularity results are some of the most sophisticated works in Gromov- 
Witten theory. Generally speaking, it is very difficult to compute Gromov- 
Witten invariants. Even if you can compute, it is not clear how to organize 
them into modular forms. Unlike the case of counting points, it is impractical 
to try to compute a large number of coefficients and then guess the general 
pattern. 

In the middle of the 90's, by studying the physical B-model of Gromov- 
Witten theory, BCOV boldly conjectured that Gromov-Witten generating 
function of any Calabi-Yau manifolds are in fact quasi-modular forms. A 
key idea in |BCOV] is that the B-model Gromov-Witten function should be 

l 
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modular but non-holomorphic. Furthermore, its anti-holomorphic dependence 
is governed by the famous holomorphic anomaly equations. During the last 
decade, Klemm and his collaborators have put forth a series of papers to solve 
the holomorphic anomaly equations |ABKl HKQ . One upshot is a stunning 



predication of Gromov-Witten invariants of quintic 3-fold up to genus 51. 
Indeed, this is a great achievement since mathematicians can only compute 
Gromov-Witten invariants for genus zero and one. Motivated by the physical 
intuition, there were two independent works recently in mathematics to estab- 
lish the modularity of Gromov-Witten theory rigorously for local P 2 |CI2] and 
elliptic orbifolds P 1 \KS\ IMR] . Let's briefly describe the authors' work on the 
elliptic orbifolds P 1 . The current article can be thought as a sequel. 

Let X be a projective manifold and Ai gtn (X, (3) be the moduli space of 
genus-g, degree-/? stable maps with n markings, where (3 is a nef class in 
# 2 (X,Z), i.e., (3 e NE(X). Let ev; be the evaluation map at the i-th marked 
point Pi and ipi G H*(M. g n ) be the first Chern class of the cotangent line 
bundle at p». Choose elements 7i in H*(X,Q) with 70 = 1 6 H°(X,Q). 
it : Ai 9t n(X, (3) —> Mg, n be the stabilization of the forgetful morphism. The 
numerical GW invariants with ancestors are defined by 



(1.1) (n 1 (7i),---,T tn ( 7 „)>^= /_ Jev*(7i)U7r*#- 

J[M g , n (XM viT j=l 

The above invariant is zero unless 

^(deg c ( 7i ) + a) = cx(TX) ■ p + (3 - dim c X) (g - 1) + n. 

i=l 

The advantage of Calabi-Yau manifolds, such as the elliptic curve E, is that 
C\(TX) = and hence the dimension constraint is independent of (3. For the 
elliptic curve E, the degree (3 = d ■ V, where d is a non-negative integer and 
T> is a nef generator of H 2 (E,1j). Then, it is natural to define 

(1.2) (r tl ( 7l ), • • • , r bn {ln)) E g , n {q) = J> w ( 7 i), ■ • • , n„(7«))f M g d , 

d>0 

where q is the Novikov variable that we use to keep track of the degree (3. 
In our case, the function (II. 2p can be seen as an ancestor Gromov-Witten 
function along t -T> £ H 2 (X, Z) by setting q = e* (see Section 5). The authors 
proved the modularity for the elliptic orbifolds P 1 with weights of non-trivial 
orbifold points are (3, 3, 3), (2, 4, 4), (2, 3, 6). These orbifolds are the quotients 
of some elliptic curve E by Z/3Z, Z/4Z, Z/6Z respectively. 

To state the theorem, let X be one of the three elliptic orbifolds P 1 . Again, 
ci{TX) = in these cases. We can choose elements 7i of Hq R (X) and define 

(!-3) (v(7u),-- - ,n„(7iJ>L(9) 
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similarly. The main result of |KS| IMR] is the following modularity theorem. 

Theorem 1.1. [MRj Suppose that X is one of the three elliptic orbifolds P 1 
from above. For any multi-indices tj,ij, the GW invariant (11.31) converges to 
a quasi-modular form of an appropriate weight for a finite index subgroup T of 
SL 2 {'L) under the change of variables q = e 2mT ^ 3 , e 2mr / 4 , e 27 ™ T//6 , respectively 
(see |MR| for the subgroup T and the weights of the quasi-modular forms). 

The same theorem for elliptic curves were proved ten years ago by Okounkov- 
Pandharipande [OP] . 

Recall that one can construct Gromov- Witten cycles ( cohomological field 
theories) by a partial integration, i.e., pushforward via the forgetfull morphism 

n 

(1.4) A^( 7l , ■ ■ • , 7 n) = ^(Hev*^)) e H*(M g , n ,Q). 

i=i 

The degree of the cycle is computed from the dimension axiom, 

deg c A* ni/3 (7i, • • ■ , 7n) = (9 ~ 1) dimc(X) + ]T deg c ( 7l ) - c x {TX) ■ f3. 

i=i 

The numerical Gromov- Witten invariants are obtained by 

„ n 

(r tl (7i),"-- ,r lc (7n)>^= /_ K,nA^ ' ' ' . 7n) U n #. 

Motivated by the corresponding work in number theory [Z], we want to con- 
sider the generating function of Gromov- Witten cycles 

(1.5) A^ n ( 7 i,---,7n)(g)= A ^(7i,"- »7n)g^- 

/3GNE(X) 

We view the RHS of (11.51) as a function on q taking value in H*(Ai g!n , Q). To 
emphasise this perspective, we sometimes refer to it as cycle-valued generating 
function. The main theorem of this paper is 

Theorem 1.2. Suppose that X is one of the three elliptic orbifolds P 1 with 
three non-trivial orbifold points; then A^ n ( 7 i, • • • ,7 n )(<?) converges to a cycle- 
valued quasi-modular form of an appropriate weight for a finite index subgroup 
T of SL 2 {'L) under the change of variables q = e 2mT ^ 3 , e 27nT / 4 , e 27nr / 6 ; respec- 
tively. 

We should mention that the above cycle-valued modularity theorem is not 
yet known for elliptic curve. 

We obtain the modularity of numerical Gromov- Witten invariants by inte- 
grating the A^ n ( 7l , • • • , 7„) with psi-classes over the fundamental cycle [AT 9)n ]. 
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On the other hand, we can also use other interesting classes of J^i g , n such as 
Ki's or Hodge class Aj's. 

Suppose that P is a polynomial of ipi, Aj. We define a generalized numer- 
ical Gromov-Witten invariants 



Here, we set it to be zero if the dimension constraint are not satisfied. 

Corollary 1.3. Suppose that X is one of the above three elliptic orbifolds P 1 . 
Then, the above generalized numerical Gromov-Witten generating functions 
are quasi-modular forms for the same modular group and weights given by the 
main theorem. 

Recall that the proof of the numerical version consists of two steps. The 
first step is to construct a higher genus B-model theory (modulo an extension 
problem) and prove its modularity. Then, the second step is to prove mirror 
theorems to match it with a Gromov-Witten theory which will solve the exten- 
sion property as well as inducing the modularity for a Gromov-Witten theory. 
In this paper, we follow the same outline, i.e., our strategy can be carried 
out on the cycle level. Our main new ingredient is Teleman's reconstruction 
theorem [T]. 

The paper is organized as follows. In Section [2j we will review the action of 
upper-triangular symplectic operators on a cohomological field theory, which 
will be the main tool of the paper. In Section |3l we review the construction 
of global Frobenius manifold structures from |MRj . Using it, we can define 
Givental B-model cohomological field theory as indicated by Telemann [T] . In 
Section HI we calculate the action of the monodromy group on the Givental's 
B-model cohomological field theory and prove the (quasi-) modularity. Finally, 
in Section \5\ we prove the mirror theorems on the cycle level. Here, the 
original (^-reduction argument does not apply. We replace it by Teleman's 
reconstruction theorem pQ. 

1.1. Acknowledgements. The work of the first author is supported by Grant- 
In-Aid and by the World Premier International Research Center Initiative 
(WPI Initiative), MEXT, Japan. The second author is partially supported 
by a NSF grant. The second and third authors would like to thank Hiroshi 
Iritani for interesting discussions on the convergence of Gromov-Witten the- 
ory. The third author would like to thank Emily Clader, Nathan Priddis and 
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( 7l ,-.. ,ln,P)l n {q) 



/3GNE(X) 
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Mark Shoemaker for helpful discussions on Givental's theory. Finally, three 
of us would like to thank IPMU for hospitality where the part of this work is 
carried out. We thank Arthur Greenspoon for editorial assistance. 

2. COHOMOLOGICAL FIELD THEORY AND QUANTIZATION 

The quantization formalism in Gromov-Witten theory was introduced by 
Givental in |Glj and then revisited by Teleman at the cohomological field 
theory level in [T]. The latter will be used in this article. For the readers' 
convenience, we give a brief introduction here. 7i g , n ,k '■ -M. g ,n+k — > -Mg,n be 
the stabilization of the morphism that forgets the last k marked points. For 
simplicity, we will omit the subscripts if they are indicated in the context. 

2.1. Cohomological field theories. Let if be a vector space of dimension 
N with a unit 1 and a non-degenerate paring rj. Without loss of generality, we 
always fix a basis of H, say 5? := {<9j, % = 0, • • • , N — 1}, and we set do = 1. 
Let {<9 J } be the dual basis in the dual space H v , (i.e., 77(<9j,<9 J ) = Sf). A 
Cohomological field theory (or CohFT) is a set of multi-linear maps A = {A g ^ n }, 
with 

A 9!n :H® n ^H*(M g>n ,C), 

or equivalent ly, 

defined for each stable genus g curve with n marked points, i.e., 2g — 2 + n > 0. 
Furthermore, A satisfies a set of axioms (CohFT axioms) described below: 

(i) (S'n-invariance) For any a G S n , and 71, • • • , 7 n G H] then 

Ag, n (la(l), ■ ■ ■ ,J*(n)) = ^g,n{lU ' ' ' ,7n)> 

(ii) (Gluing tree) Let 

where g = g\ + 5% n = n\ + 77-2, be the morphism induced from gluing 
the last marked point of the first curve and the first marked point of 
the second curve; then 

P*tree( A gAlU ■ ■ ■ , 7n)) 

= A si,ni+i(7i,--- ,7n 1 ,a)^ a ' /3 A !?2in2+1 (/3,7 ni+1 ,--- ,7„). 

Here ( 7 7 a,/3 ) A r xAr is the inverse matrix of (rj(a, P)) NxN - 

(iii) (Gluing loop) Let 

Ploop '■ Mg-l,n+2 ~^ M-g,m 
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be the morphism induced from gluing the last two marked points; then 



PLp( A 9,n(7l, • • • ,7n)) = Yl A 9-l,n+2(ll, ' " " , In, a, P)r} a > P . 

(iv) (Pairing) 



A ,3(l, 71,72) = 77(71,72)- 

' M ,3 

If in addition the following axiom holds 

(v) (Flat identity) Let n : -M 9>n+ i — > M- g , n be the forgetful morphism; 
then 

A g ,„+i(7i, ■ ■ • , 7n, 1) = 7r*A flift (7i, • ■ ■ , 7„). 

then we say that A is a CohFT with a flat identity. 

Note that Ao,3 will induce a Frobenius multiplication • on (H, 77), defined 

by 



(2.1) r/(«./3, 7 ) = /_ A , 3 («,/3,7); 

./.Mo, 3 

We refer to (H, rj, •) as the Frobenius algebra underlying A, or simply as the 
state space of A. The CohFT is called semisimple if the underlying Frobenius 
algebra is semisimple. 

2.2. Examples of CohFTs. Let be the complex vector space equipped 
with the standard bi-linear pairing: (ej, e,-) = Sij. Let A = (Ai, • • • , Ajv) be 
a sequence of non-zero complex numbers. The following definition 



(2.2) ^,..,0:= 



Af 1+2 if i = i\ = %2 
otherwise, 



induces a CohFT on which we call a rank N trivial CohFT. The Frobenius 
algebra underlying I N = A will be denoted by (C N , A). Note that the Frobenius 
multiplication is given by 

&i * 6j Sij ^/A^ e% . 

Another famous example comes from Gromov-Witten theory (cf. |KMt 
ICheRj ) . Let X be a projective variety (or orbifold), let H be its cohomol- 
ogy H*(X) (or Chen-Ruan cohomology Hq R (X)), rj be the Poincare pairing. 
Then A* n (q) defined in fl 1.5ft gives a CohFT for q = 0. The above axioms make 
sense for cohomology classes A^ n (q) that have coefficients in some ring of for- 
mal power series. In such a case we say that we have a formal cohomological 
field theory. A priori, the CohFT in (11.51) is only formal. 
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2.3. Givental's formalism. Following Givental, we introduce the vector space 
% = H((z)) of formal Laurent series in z~ l . Furthermore, TL is equipped with 
the following symplectic structure Q: 

n(f(z),g(z)) = ves z=0 (f(-z),g(z))dz, f(z),g(z) e U, 

where for brevity we put (a, b) = r](a,b) for a,b G H. Note that "H has a 
polarization 

with "H + = H[z] and "H_ = [[z -1 ]], which allows us to identify % — 

T*H + . We fix a Darboux coordinate system q l k ,pij for "H via 

oo N-l oo N-l 

m = E E 9* ^ + E E ^(-*r i_1 e 

fc=0 i=0 i=0 i=0 

For convenience, we put 

(2.3) q* := (flfc, • ' ' > and Q : = (Qo, Qi, • • • )• 

In this paper, we focus on the subgroup C^GL(H) of the loop group £GL(H) 
consisting of symplectomorphisms T : % — > H. Note that such symplectomor- 
phisms are defined by the following equation: 

*T(-z)T{z) = Id, 

where *T is the adjoint operator with respect to the bi-linear pairing rj, i.e., 

(*Tf,g) = (f,Tg). 
We will allow symplectomorphism E of the following form: 
E := Id + E x z + E 2 z 2 + ■■■€ End(if) [[*]]. 

They form a group which we denote by GL(H) and we refer to its elements 
as upper-triangular transformations. 

Next, we want to define the quantization E. Note that A = logE is a well- 
defined infinitesimal symplectomorphism, i.e., *A = —A. For any infinitesimal 
symplectomorphism A, we can associate a quadratic Hamiltonian h A onH, 

(2.4) h A (f) = hn(Af,f). 

The quadratic Hamiltonians are quantized by the rules: 

(2.5) (PKiPljT^h-^, MT= (9?p M r= qj^, {ql4T= qJs f- 

dq l k dq{ oq k h 

The quantization of E is defined by 



8 TODOR MILANOV & YONGBIN RUAN & YEFENG SHEN 

For an upper-triangular symplectomorphism E, there is an explicit formula 
for the quantization E. Put 

oo JV-1 
fc=0 i=0 

Denote the dilaton shift by q(z) = q(z) + lz, i.e., q\ = q l k + Recall that 

£/ie ancestor GW potential of X is 

(2.6) 

a*% q( ,)) : = exp ( yj yj yj ^f^_p^Wj n r .) . 

9,r» /3eNE(X) t i5 fci=0 i=\ 

A x (h,q(z)) belongs to a Fock space C[[q , qi, q2, • ■ • ]]■ The action of the 
quantization operator E, whenever it makes sense, is given by the following 
formula: 



(2.7) E(A x (h,q(z))) = (e w *A x (h,q(z))) 
where E~ l q is the change of q-coordinate 

k N-l 
1=0 j=0 

And We is the quadratic differential operator 

. 00 AT— 1 

(2.8) EE( 9 'W)^ 
whose coefficients Vu € End(i?) are given by 

(2 . 9) E = ^'- B . 

fc,Z>0 

Remark 2.1. Givental also considered the quantization of a general symplec- 
tomorphism of the form e A . For example, A could be lower triangular in the 
sense containing the negative power of z. The lower triangular one can not be 
lift to cycle level. Hence, it will not be considered here. 

2.4. Cycle-valued Quantization. Teleman [T] was able to lift the quanti- 
zation of an upper triangular symplectic transformation to the level of coho- 
mological field theory. Let us describe his construction. According to formula 
(I2.7jl . the action of E is a composition of two operations: exponential of the 
Laplace type operator (12.81) followed by the coordinate change q n- i?~ 1 q. 
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2.4.1. Coordinate Change. Let A g>n be any multi-linear function on H® n with 
values in the cohomology ring of M. g , n - We can extend A 9>n from H® n to %® n 
uniquely so that multiplication by z is compatible with the multiplication by 
psi-classes, i.e.,, 

(2.10) Kn(J2 n zi > ■•■) = !] A 9 Aii, ■ ■ ■ Wv 

i>0 i>0 

Given an isomorphis of C[z] -modules 

*(z) : ^[[z]] ^ H 2 [[z]], 

we define 

(^)oA) 9 ,„( 7ir . ,7»)=A fl ,„(^)- 1 ( 7 i),--- M*)' 1 ^)) eH*(M 9jn ,C)- 
Note that even if A is a CohFT, $>(z) o A might fail to be a CohFT. 

2.4.2. Feynman type sum. The action of the exponential of the Laplacian (12. 8p 
can be described in terms of sum over graphs. Let us explain this in some more 
details. For a given graph T let us denote by V^(r) the set of vertices, E(T) 
the set of edges, and by T(V) the set of tails. For a fixed vertex v G V^(r) 
we denote by E V (T) and T V (T) respectively the set of edges and tails incident 
with v. The graph is decorated in the following way: each vertex v is assigned 
a non-negative number g v called genus of v; there is a bijection t i— > m(t) 
between the set of tails and the set of integers {1, 2, . . . , Card(T(r))}, and 
finally every flag (v,e) (i.e., a pair consists a vertex and an incident edge) is 
decorated with a vector z k d % (k > 0). 

Furthermore, for a given edge e we define a propagator V e as follows. Let v', 
v" be the two vertexes incident with e and let z k d l and z k d l be the labels 
respectively of the flags (v', e) and (v", e); then we define 

V e = {^\V k ,, k n^"). 

Note that since *Vy y> = Vy\y t ne definition of V e is independent of the 
orientation of the edge e. For every vertex v we define the differential operator 

e£E v (T) 

where z k ^d ( - 1 ^ is the label of the flag (v,e). 
Given any formal function A(h; q) = exp 

(2.11) e^^;q) = exp(^— 1— ]J V U ^ W (q)), 

r 1 ^ '\ eeE(r) veV(r) 

where the sum is over all connected decorated graphs T and |Aut(r)| is the 
number of automorphisms of T compatible with the decoration. 
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Motivated by formula (12.111) we define 
(2.12) (e Wa o A) s , n ( 7 i ® • • • <8> 7») 

by the following formula: 



|Aut(r)[ 11 V - II A 9,^+n,(® ee ^(r)%)^ (e) ®t G T„(r)7 m (t)) ; 



eg£(r) ^ev(r) 



where = Caxd(E v (T)), n v = Card(T„(r)), and the sum is over all connected, 
decorated, genus-g graphs T with n tails. Note that this definition is compat- 
ible with (12. lip in a sense that the potential of the multi-linear maps (I2.12p 
coincides with (12. lip . 

For an upper-triangular symplectic transformation E, we define 

(2.13) Eo A : = Eo (c We o A). 

Using induction on the number of nodes, it is not hard to check that E o A is 
a CohFT (see [T]). 

2.4.3. Classification of semi-simple CohFT. Let (H,rj,») be a semi-simple 
Frobenius algebra. We pick an orthonormal basis {e.;} of H, which allows 
us to identify (H, i], •) with the Frobenius algebra of a trivial CohFT, i.e.,, the 
state space of I N ' A for a particular A (see (12. 2ft ). In this section we would like 
to recall the classification of all CohFTs whose state space is (H,rj, •). 

The space of such CohFTs admits the action ( 12. 13f) of the group 
Note that this action does not change the Frobenius multiplication on H. On 
the other hand, the Abelian group z 2 H [z] (with group operation addition) 
acts on the space of CohFTs via translations. Namely, given a(z) G z 2 H[z], 
we define 

(T a{z) o A) g>n (7i, • • • ,7 n ) 

by the fomula 

(— l) fc 

fc>0 

where for each k, the map ir in the k-th summand is the map forgetting the 
last k marked points. This action also preserves the Frobenius multiplication. 
Moreover, the following formula holds: 

(2.15) T a(2 ) o E o T~£j = E o T a ( z y E -i a ( z ), 

i.e.,, we have an action of the group z 2 H[z] x C^GL(H) on the set of CohFTs 
with state space (if, r], •). According to Teleman (see [T], Theorem 2) 
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Theorem 2.2. ) The orbit of the group z 2 H[z] x C+ GL(H) containing 
J JV ' A consists of all CohFTs whose underlying Frobenius algebra is (if, 77, •). 

Let a(z) G zH[z] be arbitrary. Although the translation T a t z \ is singular 
and will be not well defined after replacing multiplication by z in terms of 
multiplication by psi-classes, the RHS of formula (12.151) always makes sense 
since a(z)— E _1 a(z) G z 2 H[z\. Therefore, we can define the following subgroup 
of z 2 H[z] x C { +*GL(H): 

£ ( Z)GUH) = T a(z) o C^GL(H) o T- { l y 
The following fact follows easily from Theorem 12.21 

Corollary 2.3. Let a(z) = lz; then the orbit of the subgroup C^KGL(H) 

containing I Nl consists of all CohFTs with a flat identity whose underlying 
Frobenius algebra is (if, t], •). 

2.4.4. Higher-genus reconstruction. For t = X^o* ^» ^ ^> we define a trans- 
lation operator T t acting on a CohFT A by 

(2.16) (T t o A) 9 , n (7i, • • • ,7„) :=J^— j^j— 7r*(A fl)n+fc (7i,-- - ,7n,t,--- ,t)). 

fc>0 

For brevity we put t A := T t o A. According to Teleman (see [Tj, Proposition 
7.1), tA is a formal CohFT, i.e.,, 

( t A) ff>n G (H*(M g>n ,C) <8>C[[t]]) (8) (# v )®», C[[t]] := C[[t , ■ ■ • 
It induces a ring structure on if with the multiplication -fc t defined by 

(2.17) 7i*t72= Yl L (tA) , 3 (7i,72,«)r/ a ' /3 /3, 71,72 e-H". 

Let us assume that the vector space if is graded and that {di} is a homoge- 
neous basis with deg(<9j) = 1 — di. We further assume that we are given an 
Euler vector field of the form 

i=0 % j:dj=0 

where rj are some constants, so that the ring of formal power series C[[t]] is a 
graded ring: an element f(t) is homogeneous of degree df iff E(f(t)) = df /(t). 
The CohFT is called homogeneous of conformal weight d if H is graded, there 
exists an Euler vector field, and the maps: 

t A gtn :H**^H*(M g , n ',C)®C[[t)] 
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are homogeneous of weight d(g — 1) + n. Here the source of t^- g ,n inherits the 
grading from H, the first tensor factor in the target is graded by halfing the 
degree of a cohomology class, and C[[t]] is graded by E. 

Let us assume further that the CohFT A is generically semisimple, i.e.,, 
the ring structure irt is semisimple for generic t. We denote by Wj(t) the 
corresponding canonical coordinates, so that the map 

*(t) : C N -> H, y/Ai(t)d/dui(t) 

identifies the Frobenius algebras (H, r), ict) an d (C N , A(t)), where 

A(t):=(A 1 (t),...,A Ar (t)). 

Let U(t) be the diagonal matrix with entries Ut(t), < i < N — 1. Following 
Givental we define an upper-triangular symplectic transformation R(t), such 
that the formal asymptotical series ^(t)R(t)e u ^ is a solution to the differen- 
tial equations (13. 5p and (13. 6p . In fact, these equations determine R(t) uniquely 
in terms of \&(t) and U(t) (see |G2j ). According to Teleman (see [T], Theorem 
1) we have the following higher-genus reconstruction result. 

Theorem 2.4. (fF\ ) If A is a homogeneous CohFT with flat identity and -^t 
is (formal) semi-simple; then 

t A = $(t) o (T z o R(t) o t; 1 ) o i n ^\ 

where T z := T lz . 

Let us finish this section by drawing an important corrolary from the above 
theorem. The ancestor potential of a (singular) CohFT A is a function of 
i>0 aiZ l e defined by 

(2.18) i(A,MW)=exp V— _ A gjn {a{z),--- ,a(z))). 

Note that the translation T" 1 induces the so called dilaton shift, i.e, q(^) h-> 
q(*) =: q(z) + lz, 

(2.19) ^(Tr 1 o A,n,q(^)) = *4(A,/i,q(z)). 
Furthermore, following Givental, the formal ancestor potential 

i /orma, (t)(M( 2 )) 

of (the germ of) the Frobenius structure (H, rj, -^t) is defined by 

(2.20) $(t) %) e^W/*)' n^ pt (nA J (t)/q(z)v / A7(t)), 

i=i 

where ^ means change of the variables q(z) i— > \]/ -1 (t) q(z) and A pt is the 
total ancestor potential of the CohFT J 7V=1 ' A=1 . 
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Corollary 2.5. Under the same assumption as in Theorem \2.4\ the following 
formula holds: 

Finally, let us point out that if A x is the CohFT induced from the Gromov- 
Witten theory of X; then 

(2.21) A X (h,q(z)):=A(A X ,h,q(z)) : 

coincides with the so called total ancestor potential of X. In particular, A pt in 
formula (I2.20p is the total ancestor potential of a point. 

3. Global Frobenius manifolds for simple elliptic singularities 

In this section, we review the construction of global Frobenius manifolds for 
simple elliptic singularities. We follow |MRj . 



3.1. Saito theory. K. Saito's theory of primitive forms |S1] yields a certain 
fiat structure on the space of miniversal deformations of a singularity, which 
is known to be a Frobenius structure cf. |Het 1ST] . We refer to it as the Saito's 
Frobenius manifold structure. Let us recall the general set up. 

Recall (see |ArG V] ) the action of the group of germs of holomorphic changes 
of the coordinates (C* 0) (C* 0) on the space of all germs at of holo- 
morphic functions. Let x = (xi, • ■ ■ ,xn) G C N . Given a holomorphic germ 
/(x) with an isolated critical point at x = 0, we say that the family of func- 
tions F(s, x) is a miniversal deformation of / if it is transversal to the orbit 
of /. One way to construct a miniversal deformation is to choose a C-linear 
basis {^(x)}^ 1 in the Jacobi algebra OcN /(d Xl f, ■ ■ ■ ,d XN f). Here /x is the 
rank of the Jacobi algebra as a vector space, also known as the Milnor number 
or the multiplicity of the critical point. Then the following family provides a 
miniversal deformation: 

n-i 

(3.1) F(s,x) =/(x) +53«i0i(x), s = (s ,si,...,vi)e5, 

i=0 

where S C C M is a small ball around G C M . The domain of the function 
F(s, ) is chosen uniformly for s G S to be a certain open naighbourhood 
of G C , such that its boundary satisfies certain transversality conditions 
(see |ArG V] ) . Slightly abusing the notation we write C , but we really mean 
an appropriate chosen open neighborhood of 0. This should not cause any 
confusion. Moreover, we will apply Saito's theory only to singularities for 
which this special domain does coincide with C . 

Put X = S x and let C C X be the critical set of F, that is the support 
of the sheaf 

O c :=O x /{d X0 F,--- ^^F). 
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We have the following maps: 
S xC N 

p(s,x) = (s,F(s,x)), 

\ 

SxC ► S P(s,A) = s, 

v 

The map d/dsi i— >■ dF/dsi induces an isomorphism between the sheaf 7s of 
holomorphic vector fields on 5 and q*Oc, where q = p o tp. In particular, for 
any sGiS, the tangent space T S S is equipped with an associative commutative 
multiplication m a depending holomorphically on s G S. In addition, if we have 
a volume form u = g(s, x)d N x, where d N x = dx\ A • • • A dx^ is the standard 
volume form; then q*Oc (hence Ts as well) is equipped with the residue pairing: 

f oo\ li i \ 1 f ^i(s,y)<Ms,y) 

(3-2) F m -F n 

where y = (yi, ■ • • , Dn) are unimodular coordinates for the volume form, i.e., 
u = d N y, and T e is a real ^-dimensional cycle supported on \F Xi \ = e for 
1 < i < N. 

Given a holomorphic function / on and a real number m we define 
Ref(C N ) := {xeC N : Re(/(x)) < ml. 

Let 

(3.3) J A (B t z) = (-2nz)- N / 2 zd s [ e F(s - x)/z w, 

J A 

where d$ is the de Rham differential on S and A is a semi-infinite cycle from 

(3.4) \imH N (C N ,Re~™. )/z (C N y,C) = C. 

By definition, the oscillatory integrals J4 are sections of the cotangent sheaf 
T5*. According to Saito's theory of primitive forms |Slj . there exists a volume 
form uj such that the residue pairing is flat and the oscillatory integrals satisfy 
a system of differential equations, which in flat-homogeneous coordinates t = 
(t , . . . , have the form 

(3.5) zdiJ A (t, z) = di » t J A (t, z), 

where di := d/dti (0 < % < fi — 1) and the multiplication is defined by 
identifying vectors and covectors via the residue pairing. Due to homogeneity 
the integrals satisfy a differential equation with respect to the parameter z G 
C: 



(3.6) 



(zd z + s)j A (t,z) = ej A (t,z), 



GROMOV-WITTEN THEORY AND CYCLE- VALUED MODULAR FORMS 



15 



where 




i=0 

is the Euler vector field and G is the so-called Hodge grading operator . The 
latter is defined by 



where D is the so called conformal dimension of the Frobenius manifold, 
uniquely determined by the symmetry of the degree spectrum: the numbers 
di are symmetric with respect to the point 1 — D/2. The compatibility of 
the system (I3.5l) -( |3ll implies that the residue pairing, the multiplication, and 
the Euler vector field give rise to a conformal Frobenius structure of confor- 
mal dimension D. We refer to [Dj [M] for the definition and more details on 
Frobenius structures. 

Theorem 3.1 ( |Hel 1ST] ) . Let f be an isolated singularity, a primitive form 
uj induces a germ of Frobenius manifold structures (T S S, (,),» s ,S,d ) with an 
Euler vector £ and a flat identity 8q for any s £ 5. It is homogeneous and 
generically semisimple. 

3.2. Global Frobenius manifold structures for simple elliptic singu- 
larities. Simple elliptic singularities are classified by K.Saito (cf. [S2j ) into 
three different types, E$, E?, E 8 . In this paper, we consider three families of 
simple elliptic singularities by choosing a particular normal form in each fam- 
ily, see (13.71) below. The differential equations for the primitive forms will 
be the same under our choice, see (13. lip . Besides, all the possible elliptic 
orbifolds P 1 with three singular points can be seen as mirrors of our families 
at infinity of the complex plane, referred to as large complex structure limit 
point. The method also works for other normal forms although the mirrors 
of those elliptic orbifolds may appear in singular points on the complex plane 
other than the large complex structure limit points. For the framework of 
global mirror symmetry, see [ChiR] . Such global mirror symmetry phenom- 
ena for simple elliptic singularities are studied in |MSj . However, our choices 
here are enough for describing the quasi-modularity properties of CohFTs for 
those elliptic orbifolds. Only modular subgroups will be different for different 
normal forms. Let W be one of the following three polynomials 

(3.7) Eq := x\ + x\ + x'l, E 7 := x\xz + Xix\ + x\, Eg := x\x 3 + x\ + x\. 




Let us analyze the case W = E 6 . The other cases are similar. We define a 
1- dimensional family by 

W a = W + axix 2 xz. 
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Note that W a has an isolated singularity of the same rank ji iff a G E, 



£ = j(xGC(T 3 + 27^o}. 



Now we can replace / in section 3.1 by W a . Its miniversal deformation is 



(3.1 



F:=W a (s,x) = W a + J2 s i 



i=0 



Here {<fii}i=Q is a basis of homogeneous polynomials of the Milnor ring £}w a - 
We always set = Xix 2 x 3 , 4>o — 1 and identify the index // — 1 by —1. Thus 
0_i = xix 2 x 3 and s_i = s M _i. 



3.2.1. Primitive forms and global moduli of Frobenius manifolds. Recall that 
for a generic (s, A), the fiber 

X SiA = {xgC jv | V 9(s,x) = A} 

is homotopic to fi copies of N—l dimensional sphere. The non-generic (s, A) are 
the ones for which X S) \ has a singularity. They form an analytic hypersurface 
called discirminant. The complement of the latter is a base for the middle 
cohomology bundle formed by the middle cohomology groups H N ~ l (X s \; C). 
In addition the integral structure in cohomology induces a flat Gauss-Manin 
connection. 

Let us denote by E a be the curve defined by W a , 

E a := {[x 1 ,x 2 ,x 3 ] G CP 2 \W a (x u x 2 ,x 3 ) = 0}. 

One may compactify the family X-)5xCtoX->(SxCso that E a = 
X — X is the boundary. E a is also known as the elliptic curve at infinity, 
cf.[L]. According to K. Saito (see |Slj). the primitive forms for simple elliptic 
singularity W a are homogenous of degree and can be expressed as 

rf 3 x 

They are parametrized by the periods of E a , 

(3.9) n A (a) := 2ni / Res E „[d 3 x/ dF] , 

where we fix a reference point <To G S, A G Hi(E ao , C) is some fixed non-zero 
1 -cycle and A a is a flat family of cycles uniquely determined by A for all a in 
a small neighborhood of o§. d 3 x./dF is a holomorphic 2-form on X a ^\ and Res 
is the residue along E a . The boundary of any tubular neighborhood of E a in 
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X S) \ is a circle bundle over E a that induces via pullback an injective tube map 
L : H^Eo) -> H 2 (X S> \). Let a = L(A); then we have 

(3.10) ^ = I a lF- 

We refer to a as a tube or toroidal cycle. The space of all toroidal cycles 
coincides with the kernel of the intersection pairing on H 2 (X S \\ C). 

The space of all periods 7r^(cr) coincides with the space of solutions of the 
following differential equation (see the Appendix in |MR] ) . 

, , d 2 3cr 2 d a 

Take A = —a 3 /27, equation (13. lip is just a Gauss hypergeometric equation, 

Now let us describe the global Frobenius manifold structure for those normal 
forms. We fix a symplectic basis {A', B'} of Hi(E ao ;Z,) once and for all. Then 
the primitive form is a multi- valued function on £. Thus it is more natural 
to replace £ by its universal cover. The latter is naturally identified with 
the upper half-plane HI. The points in the universal cover S of E are pairs 
consisting of a point a G E and a homotopy class of paths l(s) G E with 
1(0) = a ,l(l) = a. The map 

(a,l(s)) ^ i 



TT A >(o-y 

where the periods n B i and n A i are analytically continued along the path l(s), 
defines an analytic isomorphism between the universal cover of E and the 
upper half-plane H. 

Let M. = HI x C M_1 . A global Frobenius structure exists on Ai for any 
non-zero cycle 

(3.13) A = dA' + cB' G Hi (E aQ ; C) , -d/c (£ H. 

Now let us describe the choice of a coordinate on HI, which we use through 
out the paper. Let M be the classical monodromy operator on the middle 
homology bundle. By definition, M is the linear operator induced by the 
parallel transport with respect to the Gauss-Manin connection along a loop in 
C* = {o"o} x (C\{0}) based at A = 1. The operator M is diagonalizable and 
one can find an eigenbasis {oci}1~\, a.i G H*(X aA ,C), s.t., the eigenvalue of 
(Xi is e 2mdi . Here 

(a A) '■— (°~i 0, ■ •■ ,0,1) 6 5 x C. 
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In particular, the invariant subspace of M is spanned by o:_i and a^. Put 
a = -(-2vr) 3 / 2 L(A) and a_ x = -(-2tt) 3 / 2 L(.B), where the cycle 5 = bA' + 
aB' is chosen to be any cycle linearly independent from A. Then it was proved 
in |MRj that the function 

(3.14) f _ = nsia) = ar + b 

tta{o') cr + a 

is a flat coordinate. Slightly abusing the notation we simply write t e H 
instead of saying that t is given by formula ( I3.14p for some r G H. The entire 
flat coordinate system can be described in a similar way (see Section 2.2.2 in 
[MR]). Hence, M. is a moduli space of global Frobenius manifold structures. 
For convenience, we denote the flat coordinates by t = (t, t> ) G Ai, with 

t> = (to,-- - e C"- 1 . 

3.3. The action of the monodromy group on fiat coordinates. The 

monodromy group T acts on M. by covering transformations. In this subsec- 
tion, we recall its action on flat coordinates. 

Let v be a monodromy transformation in the vanishing homology along a 
given loop C in £ based at o~q. According to |MR] . the v action on {a^Z-i 
has a matrix form with respect to the vector of basis (a_i, • • ■ , a^_2) T , 

g © Diag(e 2mdlfc , . . . , e 2md ^ 2k ) G SL(2; C) x Z^~ 2 , 

where 

g(a-i) = n\\a.-\ + ni 2 a , and ^(a ) = ^21^-1 + "-220:0, 

and the matrix (n^-) G SL(2; C). 

From now on we fix a flat coordinate system t a = t a (s) (—1 < a < fi — 2), 
multi- valued on 5 and holomorphic on the cover Ai, and denote by H the 
space of flat vector fields on M.. We further assume that the flat coordinates 
are chosen in such a way that the residue pairing assumes the form: 

(di, dj) = 6ij>, -1 < i,j < 11 - 2, 

where d a := d/dt a and ' is the involution defined by 

— 1 1 — ^ 0, 4-1, iH/i-l-i, 1 < i < — 2. 

According to |MR] the flat coordinates can be expressed via certain period 
integrals as rational functions on the vanishing homology. It follows that the 
monodromy group V acts on the flat coordinates as well and that this action 
coincides with the analytic continuation along C. According to |MR] if the flat 
coordinate system is such that the residue pairing has the above form; then 
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the monodromy transformation (or equivalently the analytic continuation) of 
the flat coordinates has the following form. Put 



nut + n 12 
n 21 t + n 22 



(3.15) j u (t) := j(g, t) := n 2l t + n 22 ; 
then 

(3.16) u(t)-x = g{t):-- 
and 

(3.17) v(t) Q = t + —¥-r £ UU, i/(t)< = — — ti, 1 < i < /i - 2. 

4. Global B-model CohFT and anti-holomorphic completion 

The core of our paper is global B-model CohFTs for simple elliptic singular- 
ities, which we will construct in this section. The basic idea is that the global 
higher genus B-model theory of |MR] can be enhanced to a global B-model 
CohFT using the construction of Teleman (see section two). The modularity 
will follow essentially from the monodromy calculations in |MR] . 

4.1. Global B-model CohFT. 

4.1.1. Givental's semisimple quantization operator. Suppose that W is one of 
the three families of simple elliptic singularities under consideration. Recall 
the global Frobenius manifold structures on Ai. First we recall the definiton of 
Givental's quantization operator and then we use it to define a CohFT A w (t) 
over the semisimple loci M. ss . 

Let /C C M. be the set of points t such that itj(s(t)) = Wj(s(t)) for some 
% 7^ j. We call this set the caustic and put Ai ss for its complement. Note that 
the points t e M. ss are semisimple, i.e., the critical values ttj(s(t)) (1 < i < fi) 
form a coordinate system locally near t. Let t £ M. ss \ then we have an 
isomorphism 

d 



*(t):C»^T t M, e t h- VA^t)) r 

dui{s{t)) 

where Aj(s(t)) is defined by 

d d \ A 



^(s(t))'d^-(s(t))7 Ai(s(t))' 
and we identify T t M. with H via the flat metric, i.e., 



A- V Ki< 
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diagonalizes the Frobenius multiplication and the residue pairing: 

e { • ej = 5 itj ^/Aj(s(t)) e h (e h ej) = 5^. 

The system of differential equations (13. 5p and (13.61) admits a unique formal 
solution of the type 

oo 

V(t)R(t)e u ® /g , R(t) = Id + Y, R k(t)z k e End(C^)[N]. 

k=l 

where U(t) is a diagonal matrix with entries «i(s(t)), . . . , tt M (s(t)) on the di- 
agonal, cf-PCIj. 

4.1.2. Global B-model CohFT. Givental used R(t) to define a higher genus 
generating function over M. ss . We would like to enhance his definition to Co- 
hFT. The main difficulty is to extend our definition to non-semisimple points 
in K. 

For any semisimple point t G M ss , we define a CohFT with a flat identity 
and a state space H (see Sect. |2J) 

(4.1) A w (t) := (t) oT 2 o %) o T7 1 o 

We are interested in the loci of points t = (t, 0) G HI x O* -1 , which are 
never semisimple. To continue our B-model discussion, we need to prove that 
A w (t) extends holomorphically for all t G Ai. To begin with, let us fix g, n, 
and 7i G H; for convenience, we denote by 

C(t) := (A W (t)) 9 , n . 

A^ l (t)(7i, . . . , 7„) is a linear combination of cohomology classes on M. g , n 
whose coefficients are functions on A4. 

Lemma 4.1. The coefficients 0/ A^(t)(7i, . . . , 7„) are meromorphic functions 
on Ai with at most finite order poles along the caustic K,. 

Proof. By definition, the CohFT ( 14. ip depends only on the choice of a canon- 
ical coordinate system u(t) := (iti(s(t), . . . , tt M (s(t)). The latter is uniquely 
determined up to permutation. Note that ( 14. ip is permutation- invariant, i.e., 
it does not matter how we order the canonical coordinates. On the other hand, 
up to a permutation u(t) is invariant under the analytical continuation along 
a closed loop in Ai ss . It follows that A^ n (t) is a single valued function on Ai ss - 
We need only to prove that the poles along /C have finite order. Note 
that according to the definition of the class (I2.12p only finitely many graphs T 
contribute. The reason for this is that in order to have a non-zero contribution, 
we must have 

3 + r v + n 

V 

e£E v (F) 
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Summing up these inequalities, we get 

Yl ^(e) <3(^-l)-3Card( J E(r)) + ^r t , + n, 

v e£E v (F) v 

However 

J2 r v = 2Card(E(r)), 

V 

which implies that the number of edges of T is bounded by 3g — 3 + n. This 
proves that there are finitely many possibilities for T. Moreover, there are only 
finitely many possibilities for k(e), i.e., our class is a rational function on the 
entries of only finitely many Rk- Since each Rk has only a finite order pole 
along the caustic the Lemma follows. □ 
We will prove below that A^ n (t) is convergent near the point (\/^Too, 0) G 
HxC" 1 and that it extends holomorphically through the caustic (see Theorem 
I5.3l and Proposition [53]). Thus A w (t) is a CohFT for all t G M.. In particular, 

( 4 -2) A^(t)= Jim Aj(t) 

for all t G H = H x {0} C At 



4.2. Monodromy group action on Ay^(t). Using the residue pairing we 
identify T*M and TM, i.e., dtj = d v . We also identify End (if) with the 
space of fi x \i matrices via A i— >■ (Ay), where the entries A^ are defined in the 
standard way, i.e., 

A(dtj) = Y Aijdti 



-1 



Recall the notation from Section [3~3l a loop C in S, inducing via the Gauss- 
Manin connection a monodromy transformation v on vanishing homology 
and a transformation of the flat coordinates via analytic continuation t i— > 
v(t). The latter induces a monodromy transformation of the stationary phase 
asymptotics, which was computed in [MRj . Lemma 4.1. In case W = E$, let 

~iv(ty l * * * 
o j v (t) o o 

* e 4«fc/3 /3 o 

0*0 e 2 " fc / 3 i 3 



(4.3) M„(t) 



G End(if)[[z]]. 



where 
and 



M_ 1J = -e 2 ^ k n l23 ;\t)t J , 1 <j < 6 



M_i >0 = -n 12 z - 12 y^UU, M ifi = n 12 U, 1 < i < 6. 
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Lemma 4.2 ( |MRj ). The analytic continuation along C transforms 

V{t)R{t)e u(t)/z into T M u {t)^ t R{t)e uit)/z P, 

where P is a permutation matrix and T means transposition. □ 

The CohFT constructed by the analytical continuation along C of A w (t) 
will be denoted by 

AjTnMt)) eH*(M 9 , n ,C)®(H v r n . 
Restricting to t> = 0, we have 

T M u (t):= lim T M y (t)=j-\t) J v {t). 

t> ->-0 



With 

^1 



(4.4) J v {t) : 
Now let 

(4.5) X V)t {z 



Ut) e 4mk/3 I 3 ®Mt)e 2mk/3 h G End(tf)[[*]]. 



1 -n 12 z/j u (t) 
1 



0J fl GEnd(fi)[[z]]. 



Theorem 4.3. T/ie analytic continuation transforms the Coh FT as follows: 

(4.6) A*>(*)) = J-\t)oX„, t (z)oA w (t). 

Proof. The calculation in [MRj also works on cycle-valued level. □ 

Now we give a lemma which is very useful later on. 

Lemma 4.4. Let E(z) G GL(H) ; then it intertwines with J^if) by 

J; 1 (t)oE(z) = E(£(t)z)oJ^(t). 

Proof. From (14. 4p and the definition of J~ 1 (t)o, we know that the pairing rj is 
scaled by when applying J i 7 1 (t)o. Thus the quadratic differential action 
E{z) becomes E(£(t)z). □ 

4.3. Anti-holomorphic completion and modular transformation. Let 

Z% or 1Z be a cohomology ring of any fixed Deligne-Mumford moduli space of 
stable curves of genus g with n marked points, i.e., ffl = H*(Ai gin , C) for some 
2g-2 + n > 0. 

Definition 4.5. We say that a ^-valued function f : EI — > & is a M-valued 
quasi-modular form of weight m with respect to some finite-index subgroup 
T C SL2(Z) if there are M -valued functions fi, 1 < i < K, holomorphic on H, 
such that 

(i) The functions fo := f and fi are holomorphic near cusp r = ioo. 
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(ii) The following ^-valued function 

f(r, f) = / (r) + h{r){r - r)- 1 + • • • + f K {r){r - r)~ K . 
is modular, i.e., there exists some m G N such that for any g ET, 
f(9r,gr)=j( 9l T) m f(T,T). 
f(r, t) is called the anti-holomorphic completion of /(r). 

4.3.1. Anti-holomorphic completion of A^ n {t). Let W be the homogeneous 
polynomial as in ( 13. 7\i . Denote by 

"l -z(t-t)- r 



(4.7) 



X t ,t{z) 



I 6 eEnd{H)[[z] 



1 

where t is the anti-holomorphic coordinate on EI defined by (cf. formula (13.141) ) 

- af + b 

cf + d 

We define the anti-holomorphic completion of Coh FT A w (t) by: 
(4.8) A w (t,t):=X t>i (z)oA w (t). 

Theorem 4.6. Under the assumption of extension property, the analytic con- 
tinuation of the anti-holomorphic completion A^ n (t,i) along v is 

Ju\t)oA^ n (t,i). 

Proof. We define an operator X v t,t( z )i s -t-, the following diagram is commu- 
tative: 



A w (t) 



A w (t,i) 



Mt)oX v , t (z) 



A w {u(t),u(i)) 



A">(t)) 
We need to prove that 

K t ,t(z) = j-\t). 

Let us consider the analytic continuation for X t j(z). Analytic continuation 
acts on (t — t)" 1 by 

1 / n 12 



u(t) - u(t) \j v (t) 
By definition (14 .7p . this implies 

(4-9) = Xt,t(jl(t)z) X-l(£(t)z). 
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Recalling Lemma [4.4[ we get, 

(4.10) J^(t)oX u ,(z)oX^(z) = X Vtt (fi(t)z)oX£(jl(t)z) o J-\t). 
Thus the result follows from (@~9]) and fOU]) . □ 

4.3.2. Cycle-valued quasi-modular forms from A^ n {t). We consider a pair 

(TV/) = ((7i,--- ,7n),(ii,--- ,0) ^*x^o 

where each 7« G = {<9_i = c^-i, cfo, ■ • ■ , <9 M _2j-. / is a multi-index 

/ = i , • • • , V-2) G Z£ , i_i H h i M _2 = n. 

ij is the number of i G {1, • ■ • , n} such that 7, = 6^-. Under the assumption of 
extension property, we define a cycle-valued function fY Ll on H, 

(4.11) /£,(*) = Aj r B (f)('fr) eH*(M 9 , n ,C). 

and its anti-holomorphic completion 

==A£(f ,*)(?/)■ 

For t/ = (0, • ■ ■ , 0), we simply denote them by fYf) an d fYf't)- Let 

(4.12) m(J) :=2i_i + ^ij-. 

i=i 

Theorem 4.7. Lei W be a simple elliptic singularity. Then fY Ll f) satisfies 
the transformation law of cycle-valued quasi-modular forms of weight m(I). 

Proof. First we consider tj = (0, • • • , 0). It is easy to see fYf,t) is an anti- 
holomorphic completion for fYf) an d for monodromy v described as before, 
we have 

fYntim = fc(^A F (f,t)) Si j7/) 

= 3^\t) Kl n {tMli) 
= 3u {I) f)fYf,t). 

Now the statement follows from monodromy acts trivially on psi-classes. □ 

Remark 4.8. For fYf) t° be a cycle-valued modular form, it needs to be 
holomophic at r = 00 (cf. formula (13. 14ft ). This will be achieved by the 
mirror theorem in section 5. Hence, by combining A-model with B-model, we 
produce cycle-valued quasi-modular forms. 
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5. A-MODEL CohFT AND CYCLE VALUED MODULAR FORMS 

In the last section we constructed an anti-holomorphic modification of the 
B-model CohFT, such that it has the correct transformation property under 
analytic continuation. However, we still have to prove the following two prop- 
erties: (1) the CohFT extends holomorphically through the caustic; (2) the 
quasi- modular forms are holomorphic at the cusp r = a/— 1 oo. We address 
both issues using an A-model (Gromov-Witten) CohFT and mirror symmetry. 
As a byproduct we obtain a geometric interpretation of the B-model CohFT 
as the Gromov-Witten CohFT of an elliptic orbifold P 1 and we obtain a proof 
of our main result Theorem 11.21 

The hard part of the argument is already completed in |KS| IMR] . Our goal 
is to recall the appropriate results and to show in what order they have to 
be used. The idea is as follows. We first establish analyticity and generic 
semisimplicity of the genus zero Gromov-Witten theory. This is done by using 
an estimate for the GW invariants and genus zero mirror symmetry. Then, we 
make use of a result of Coates-Iritani in order to prove the convergence of the 
Gromov-Witten ancestor CohFT of all genera. The last major step is a higher 
genus mirror symmetry that allows us to match the Gromov-Witten ancestor 
CohFT with the B-model CohFT near the large complex limit. This implies 
the extension property at r = \J—1 oo. Finally, we use Lemma 3.2 from |MR] 
to conclude the extension property over entire B-model moduli space A4. 

5.1. A-model. Let us recall a general mirror symmetry construction, called 
Berglund-Hiibsch-Krawitz mirror symmetry. For a quasi-homogeneous poly- 
nomial W with a suitable symmetry group G, a pair of mirror (W T , G T ) is 
constructed, |BH| IK] . In our case, we choose a cubic polynomial W T with 
the maximal admissible group G T = Gyyr, and consider this pair in A-model 
side. Its mirror will be the pair (W,G = {Id}). So the B-model will be 
Saito-Givental's theory on the miniversal deformation of the family W a . 

For W = Ei,i = 6,7,8 (see (13. 7p ) the mirror W T is given respectively by 
the following cubic polynomials: 

(5.1) W T = x\ + x\ + x\, x\x 2 + x\ + x\x\, x\ + x\ + xix\. 

The weights are q^ = 1/3, for all i = 1,2,3. Consider a hypersurface in the 
projective space, 

X w t = {{x 1 ,x 2 ,x 3 )\W T {x 1 ,x 2 ,x 3 ) = 0}^P 2 . 

Its maximal admissible group is 

G w t := {(Ai, A 2 , A 3 ) e C 3 | W(\ x x l ,\ 2 x 2 ,\ 3 x 3 ) = W T {x u x 2 ,x 3 )}. 

It contains a subgroup (J), generated by the exponential grading element 

J := (exp(27ri • qi), exp(27ri • q 2 ), exp(27ri • q 3 )) G G w t. 
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(J) acts trivially on X w t. We denote by 



G = G/(J). 



The quotient space 



X w t :— X w t / G w t 



is an elliptic orbifold with P 1 as its underlying space. The A-model is the 
orbifold Gromov-Witten theory of X := X w t. 

5.2. Analyticity and generic semisimplicity. Let H be the Chen-Ruan 
cohomology of X with unit 1 and Poincare pairing 77. Let the divisor T> be 
a nef generator in H 2 (X, Z) C Hq R (X, Z) and let t = (t,t ,ti . . . , t^_ 2 ) be a 
linear coordinate system on H, such that t is the coordinate along T>. Recall 
the Gromov-Witten CohFT t A , which a priori is only formal. Due to the so 
called divisor axiom we can identify q — e*, i.e., 



For every a, /3, 7 G -ff, the quantum product a-kt/3 is defined by the relation 



The product is only formal in t. We would like to prove that * t is convergent 
in the open polydisk D t C C 1 with center the origin and radius e, i.e, (q = 
e*,t>o) G D e . More precisely, our goal is to prove the following theorem. 

Theorem 5.1. The following statements hold: 

(1) There exists an e > such that t AQ S (a, (3, 7) is convergent for all 
(q = e*, t>o) G D e and a, j3, 7 G if. 

(2) T/ie quantum product * t zs generically semisimple. 

Part (1) follows from Theorem 1.2 in |KSj . For the reader's convenience, we 
sketch the proof here as well. First let us denote by 




(7i> • • • > 



7n) G/T(M,, n ,C)<g)C[[e*,*o,--- ,*m-2]]. 



(5.2) 



(a* t /3,7) = tA 0i3 (a,/3,7). 



(5.3) 



-GW . 
0,n,d " 



max \(d h ,--- ,d in ) Q d 




ifere C some positive constant depending only on n. 
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Since H*(Ato,3, C) = C, it is enough to prove the convergence of the corre- 
sponding ancestor Gromov-Witten invariants. The divisor axiom implies 

f \X i a \ JT ( a i Pili" ')o,?,+k,d tt ,ki 

t A 0>3 (a,P, 1 ) = ^q ^ ^ — — - || tC 

JM 0,3 d>0 fc=0 fc + - +fc M _2=fc M 0<i<M~2 

where the dots stand for the insertion do, ■ ■ ■ , with multiplicities respec- 
tively ko, . . . , fc M _2- For dimensional reasons the Gromov-Witten invariants in 
the above formula vanish except for finitely many k. In another words, 

t Aj 3 (a,/?,7) eC[t ,--- ,V- 2 ]®C[[g]]. 

•Mo, 3 

Thus the convergence of t A* 3 (a, /3, 7) in (g,t> ) G -D e follows from the con- 
vergence of the following series near q = 0, 

-4 



d>0 



Part (2) is not so easy to prove directly in the settings of Gromov-Witten 
theory. We use the genus-0 part of the mirror symmetry theorem of |KS] . We 
recall the genus-0 ancestor Gromov- Witten potential constructed from t K x 

1 n 

n i,j,ij,d j=l 

We can expand it as a formal series (due to the divisor axiom) as follows: 

^ W (X)(t) G C[[q = e\ t ,--- , ^_ 2 ]] ® C[[q , qi, q 2 , ■ • • ]]■ 

The space M. = EI x C M_1 can be equipped with flat coordinates t B corre- 
sponding to a choice of a primitve form (for W). In fact, Ai has a generically 
semi-simple Frobenius structure, which allows us to define the Saito-Givental 
ancestor potentials Fg G (W){t B ) for all genera g (see 12.201 ). 

The genus-0 mirror symmetry can be stated as follows: the primitive form 
can be chosen in such a way that there exists an analytic embedding D e ^-> Ai, 
called a mirror map, s.t., 

(1) The linear coordinates t on D e correspond to flat coordinates t B on 
M. 

(2) We have 

^ w {X wT ){t) = ^ G {W){t B ). 

We denote the image of D e by Df . Let us recall (see |MRj ) that under the 
mirror map the modulus r (cf. Sect. 13.2. ip is a flat coordinate on M. and we 
have 

. 2t^/^T 



28 



TODOR MILANOV & YONGBIN RUAN & YEFENG SHEN 



where N = 3,4, and 6 respectively for W = E$, E7, and Eg. It follows that the 
large volume limit point e* = 0, i.e., t = —00 corresponds to the large complex 
structure limit point r = a/— 1 00. 

The proof can be splitted into two parts: choice of a primitive form, s.t., 
(1) holds and prove that the ancestor potentials on both sides are uniquely 
determined from a finite set of correlators, which agree under the mirror map. 
The first step was done in |MR] and the second one in [KS] . 

5.3. Convergence of A* n (t). We identify via the mirror map the flat coordi- 
nates t B on Ai and the linear coordinates t on D t . Recall the CohFT A^ / n (t B ) 
defined by formula (14. Xp for all semisimple points t B . 

Theorem 5.3. The CohFT h^ n {t B ) extends holomorphically for all t B G Df , 

the ancestor Gromov-Witten CohFT t A x is convergent for allt G D t , and we 
have 

tA^A^), Wt G D e . 

Proof. The Frobenius structure of the quantum cohomology is generically semi- 
simple (cf. Theorem 15.11 (2)). In particular, if we think of the CohFT t A^ as 
a CohFT over the field 

FracC[[e*,t , ■ ■ ■ , V-2]], 

where overline means algebraic closure and Frac stands for the field of fractions; 
then t A x is a semi-simple CohFT with a flat identity. Teleman's reconstruction 
Theorem 12.41 applies and we get that 

(5.5) tAj n = A^(t s ), 

where the equality should be interpreted as equality in the space 

H*(M g , n , C) ® PracC[[e*,t ,--- ,t^ 2 ]]. 
On the other hand, according to Lemma ( 14 -XI) . A^ / n (t B ) is meromorphic for 
teDf, thus 

(5.6) A^ n (t B ) = t Af n G H*(M g , n , C) (g) FracC{e',t , ■ • • , t,_ 2 }, 

where C{xi, . . . , x n } is the ring of convergent power series at x\ — • ■ ■ — x n — 
(the overline means algebraic closure). On the other hand, by definition 

(5.7) t Aj n G H*(M g , n , C) ® C[[e*, t , ■ ■ ■ , t^ 2 ]]. 
Now we apply the following lemma of Coates-Iritani, 
Lemma 5.4 ( |CIlj . Lemma 6.6). The intersection 

FracC{xi, • • • ,x n } n C[[xi, • • • ,x n \] C FracC[[xi, • • • ,x n }} 
coincides with C{x\, ■ ■ ■ , x n }. 



GROMOV-WITTEN THEORY AND CYCLE- VALUED MODULAR FORMS 



29 



This completes the proof. □ 

5.4. Extension property. In this subsection, we use Lemma 3.2 from |MR] 
to derive the extension property. 

Proposition 5.5. The coefficients of A^ l (t s )(7 1 , . . . ,j n ) extend holomorphi- 
cally through K,, i.e., they are holomorphic functions on Ai. 

Proof. Let us define an action of C* on M. = EI x C'' -1 according to the weights 
of the coordinates t . Since A w (t B ) is a homogeneous CohFT, the domain K 
of all t B where the theory does not extend analytically is C*-invariant. Since 
K is the set of points t B £ M, such that A H/ (t s ) has a pole, K must be an 
analytic subset. Let us assume that /C is non-empty. The Hartogues extension 
theorem implies that the codimension of /C is at most 1 and hence precisely 
one. On the other hand, according to Theorem 15.31 the polydisk D e is disjoint 
from /C. In particular, EI x {0} is not contained in /C and hence the two 
subvarieties interesect transversely. This combined with the C* invariance of 
/C implies that the connected components of K, have the form {tq} x O*" 1 . 
This is a contradiction, because /C C K., while {tq} x C m_1 (f_ K,. □ 

5.5. Quasi-modularity. Finally, let us complete the proof of our main the- 
orem. According to Theorem 15.31 the Gromov-Witten CohFT A* n (q) is con- 
vergent and it coincides with A^ / n (r), under the mirror map (15.41) . The latter 
transforms as a quasi-modular form according to Theorem 14.71 it is analytic 
for all r G HI due to Proposition 15.51 and finally it extends holomorphically 
over the cusp r = i oo because A* n (q) extends holomorphically over q = 0. 
This completes the proof of Theorem 11.21 
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